We study the size effect on the energy levels of the D-dimensional isotropic harmonic oscillator confined within a box of radius r c with impenetrable walls. Two different approaches are used to obtain the energy eigenvalues and eigenfunctions for D=1,2,. . . ,5. In the first we solve the Schrödinger equation exactly. In the second we use a series expansion of the wave function. The numerical results obtained are extremely accurate; these values are reported with 50 decimal places.
Introduction
The idea of the spatial confinement in quantum systems has had a growing interest in recent years, due to its potential application in the study and production of artificial atoms in semiconductor materials and of the future circuit devices of nano and molecular size, including the quantum computers. On the other hand, confined quantum systems have a long history in the modelling of a great number of applications in different areas of Physics and Chemistry as it is shown in the cited review articles [1] . In the decade of the 30's, Michels, De Boer and Bijl [2] proposed the model of a hydrogen atom confined at the centre of a sphere with impenetrable walls and used it to study the effects of extreme pressure on the electronic states of the hydrogen atom. This model has become one of the most studied in the literature [2] - [12] . The idea of confinement inside spherical boxes has been broadly accepted and it has continued to be used to study the electronic estates of multi-electron atoms subject to extreme pressures [13] - [16] .
Another widely studied confined quantum system is the 1-D confined harmonic oscillator [17] - [39] . This system has been used as model for the study of the proton-deuteron transformation as the energy source in dense stars [17] - [18] , in the theory of the white dwarfs [19] and in the escape velocity of stars from the galactic or globular cumulus [20] . It has also been used in the study of the specific heat of solids subjected to high pressures [21] and magnetic properties [22] of metals. Also few studies have been made on the transition probabilities and Einstein coefficients for the transitions between different levels of the 1-D confined harmonic oscillator [25] , [38] - [39] , showing that new allowed transitions appear as a result of the confinement.
However, the harmonic oscillator confined in two and three dimensions has received less attention [40] - [43] . Recently, we have discussed the incidental degeneracies in the 3-D isotropic confined harmonic oscillator [44] , and the conditions for the appearance of the incidental and the inter-dimensional degeneracies in the D-dimensional confined harmonic oscillator [45] .
In the study of the incidental and the inter-dimensional degeneracies, it is necessary to have accurate energy eigenvalues. For the free (unconfined) situation, the energy eigenvalues are very well known, but this is not true for the confined problem where analytic expressions are not available and solutions must be obtained numerically. The functional forms of the eigenfunctions of the confined harmonic oscillators in 1, 2 and 3 dimensions have been known for some time [17] , [18] , [25] , [35] - [36] , [40] . These are given in terms of the confluent hypergeometric functions. In this work we will present two extremely precise methods to obtain the energies of the Ddimensional confined oscillators. The first is an exact method that is based on numerically obtaining the roots of the confluent hypergeometric functions. The second method is based on the development of the wave function in a Taylor series. This method was used with much success previously [10] , [39] , [42] . We find that the energy eigenvalues calculated by both methods are identical and we report them with 50 significant figures.
The content of this work is as follows: In the section 2 we present the methods used in the obtaining of the energy. In section 3 we present our results including comparison with previous works. Finally, in section 4 we discuss our results and conclusions.
Exact solutions 2.1 The one-dimensional confined HO
The Schrödinger equation for the one-dimensional, symmetrically confined harmonic oscillator (in natural units where m = ω =h = 1) is given by
where the energy is in units ofhω and the unit of the distance is h/mω. The potential energy is a symmetric function of x, therefore the eigenstates have definite parity; odd or even. The exact solutions are well known [17] - [18] , [25] - [26] , [30] , [35] and are obtained in terms of the Kummer or confluent hypergeometric functions [46] 
where + and − indicate even and odd parity respectively.
In order for the wave function to be square integrable, the hypergeometric function for the unconfined one-dimensional oscillator must terminate. This requires that there exist some non negative integer n such that
When the harmonic oscillator is symmetrically confined in a box of length 2x c with impenetrable walls, the energy quantization results from the boundary conditions on the wave functions
The allowed energies are obtained when the successive roots of the following equations are found To determine the energy eigenvalues, it is necessary to solve numerically for one of the boundary conditions (4) because the symmetry of the problem. In this work we found the allowed energies using the Maple computer algebra system and Maple's root-finding function FSOLVE. Our results are reported in Table I .
The D-dimensional confined HO
The Schrödinger equation for the isotropic harmonic oscillator in a D-dimensional Cartesian coordinate system x 1 , x 2 , . . . ,
where ∆ (D) is the D-dimensional Laplacian and
Transforming to the D-dimensional spherical coordinates (r, θ 1 , θ 2 , . . . , θ D−1 ), we separate variables using
where
is a normalized spherical harmonic with characteristic value ℓ (ℓ + D − 2) , ℓ = 0, 1, 2, . . .and R (D) ℓ (r) is a radial function that satisfies the equation:
Writing R (D) (r) = r ℓ e −r 2 /2 F , equation (9) gives
Changing the variable to z = r 2 , we obtain
Equation (11) is the well known Kummer's differential equation [46] , whose regular solution at the origin is the confluent hypergeometric function
In order for the wave function to be square integrable, the hypergeometric series for the unconfined oscillator must terminate. This requirement is satisfied if there exists some nonnegative integer n such that
When the harmonic oscillator is enclosed in an impenetrable hypersphere of radius r c , quantization results from the requirement that the radial wave function go to zero at r c . The allowed energies are found when
where the successive roots are numbered n = 0, 1, 2, .... As we mentioned previously, we found the allowed energies using Maple program. Our results for D=2, 3, 4 and 5 are reported in Tables II-V. 3 Power series method
The method that we will present has been used with much success in problems both with and without confinement. Some of the problems solved with this method are: the one-dimensional harmonic oscillator confined symmetrically and asymmetrically [39] , the three-dimensional confined isotropic harmonic oscillator [42] , the two-dimensional hydrogen atom confined in a circle with impenetrable walls [47] and the three-dimensional hydrogen atom confined in a hard sphere [10] . Other applications corresponding to free problems are: the hydrogen atom with a harmonic perturbation [48] , the quartic harmonic oscillator and the double well potential for the inversion of NH 3 [49] , in which the potential was represented by a polynomial of 20 th degree. We will describe the method briefly. For further details see references [10] , [39] , [42] , [47] . The Schrödinger equation (in natural units) for one degree of freedom for an arbitrary potential V (x) can be written as
where x c is the position of the impenetrable wall. Now, we will suppose that the wavefunction is a function of the position x and of the energy E.
Taking the partial derivative of equation (15) respect to the energy we obtain
where • ψ denotes partial differentiation with respect to the energy.
We need to obtain ψ(x c ) and
. This is possible by making an initial guess E j for the value of the energy and proceeding to integrate the equations (15) and (17) . The corrected value of the energy is then obtained by means of the Newton-Raphson formula.
With this new value E j+1 we calculate ψ(x c )and
, and we use the formula (18) again to obtain a more precise value for the energy. We continue with this process until |E n+1 − E n | < δ, where δ is the desired accuracy for the calculation.
The integration of the equations (15) and (17) is achieved easily if we develop the wave function in a Taylor series around the origin, where we know the initial value of the wave function ψ(0).
Defining
then
We can also compute
To make particular application of the method described above, we need to calculate the coefficients T p and
• T p for each dimension.
The one-dimensional confined harmonic oscillator
Substituting (21) in (1) the following recursion formula is obtained for the coefficients T p
To obtain the recursion formula for the
• T p coefficients, we take the partial derivative of equation (21) and use (23) to obtain
For constructing the even states we used the initial conditions ψ(0) = 1, ψ ′ (0) = 0, while for the odd states the initial conditions are ψ(0) = 0, ψ ′ (0) = 1.
The other derivatives are obtained using the recurrence relationships for T p and
The results obtained by this method are the same reported in Table I , those are improved results of a previous work [39] 3.2
The D-dimensional confined harmonic oscillator
Following similar steps as those described above, we found the recurrence relations for T p and
and 
Results and discussion

The one-dimensional confined harmonic oscillator
As we mentioned before, the first investigators who discussed the problem of the one-dimensional harmonic oscillator confined symmetrically in a box with impenetrable walls were Kothari and Auluck [17] - [18] . They found that the solutions of the Schrödinger equation could be written in terms of confluent hypergeometric functions. In order to obtain analytic approaches for the energies, they used expansions and approximations in the hypergeometric functions. In that way they obtained the correct qualitative behaviour of the energy levels and observed that the energy values increase quickly when diminishing the size of the box (for radius smaller than 4 au).
Baijal and Singh [25] followed a direct way and they obtained the energies numerically by finding the zeros of an equation equivalent to (5) . Their numerical results were not accurate. The reasons of this failure are now clearly comprehensible; the absence of efficient algorithms and computation programs to evaluate the hypergeometric functions with high accuracy and the lack of computers that could execute these programs. Fortunately, these impediments have now been solved in a satisfactory way. In this work we used MAPLE, both for evaluation of the confluent hypergeometric functions and to find the roots of the set of equations (5), following the pioneer work of Baijal and Singh [25] . We used Maple's HYPERGEOM and FSOLVE functions and with a careful handling of the accuracy by means of the FULLDIGITS option, we were able to obtain the energy eigenvalues with an accuracy of 100 decimal digits.
On the other hand, by using the series method to this problem, and programming the respective equations in the UBASIC program by using real variables of 150 figures we calculate energy eigenvalues with 100 accuracy figures. Our results for the ground state are reported with 50 figures in Table I .
When comparing the energies obtained by both methods described above to 100 figures we found that the relative error between both calculations are smaller than 1 × 10 −100 . This shows that the two quite different methods are both very stable and accurate. To our knowledge, these are the most precise calculations that have been reported until now.
The 2-D and 3-D confined harmonic oscillators
The exact formulation of the problem of the 2-D and 3-D confined harmonic oscillator was proposed by Aguilera-Navarro et al [40] in 1983. They obtained a transcendental equation in terms of confluent hypergeometric functions, whose roots are the energy eigenvalues, but they didn't solve it, noting that the numeric solution of that equation required hard computational effort. As in the one-dimensional problem, the researchers decided to use other approaches and methods such as the following: i) perturbation theory, ii) Padé approximants and iii) direct diagonalization of the Hamiltonan matrix in the basis set of the free particle, finding the matrix elements analytically. The results were obtained with 6 decimal places by diagonalizing matrixes up to 50x50. Those results were at that time considered to be the exact result.
Taseli and Zafer [41] used essentially the same method that Aguilera-Navarro et al, for studying the harmonic oscillator and polynomial potentials. Taseli and Zafer report their results with 30 decimal places. For comparison, their results are shown in Table II for the 2-D harmonic oscillator and in Table III for 3-D problem.
Our results obtained by solving equation (14) numerically using MAPLE and using the series method are reported with 50 decimal places for the ground state of the 2-D and 3-D confined harmonic oscillators in Table II and Table III respectively. The results obtained by these two methods coincided up to 100 significant figures.
The 4-D and 5-D confined harmonic oscillators.
Our results obtained by numerically solving the set of equations (14) by means of MAPLE program and by using the series method are reported with 50 significant figures, for the ground state of the 4-D and 5-D confined harmonic oscillators in Table IV and Table V respectively. The results obtained by these two methods coincide up to 100 decimal places. This is the first time that energy eigenvalues for the 4-D and 5-D confined harmonic oscillators have been reported.
Final remarks
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